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Abstract. We set up the problem of ponderomotive
separation and acceleration of ions with different
charge-to-mass ratios under the influence of Alfvén
waves, which constantly exist in the magnetosphere in
the form of geomagnetic pulsations. Formulas for partial
ponderomotive forces acting on light and heavy (metal-
lic) ions are derived. In the quasi-hydrodynamic approx-
imation, a system of equations is obtained which de-
scribes the distribution of ions along magnetic field
lines in Earth’s magnetosphere. The Clarke number,
which characterizes plasma metallicity, is found to be
maximum at a minimum magnetic field on the field line

along which the Alfvén wave propagates. This leads to
the accumulation of heavy ions at the top of the field
line at the point of its intersection with the magnetic
equator. The theoretical conclusions agree with satellite
measurements of the distribution of heavy ions along
field lines in Earth’s magnetosphere.
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INTRODUCTION

In a linear approximation, propagation of a mono-
chromatic electromagnetic wave in plasma is accompa-
nied by the harmonic motion of electrons and ions. If
we use a quadratic approximation in wave amplitude
and average over the oscillation period, it turns out that
a ponderomotive force f acts on a unit volume of plas-
ma. Assume that the plasma is in the external magnetic
field B, as is the case for Earth's magnetosphere, and
decompose the force f into longitudinal and transverse
components with respect to B. The general phenomeno-
logical expression for f is given in the fundamental
monograph [Landau, Lifshitz, 2003]. We focus on the
longitudinal component
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since under its influence plasma accelerates along geo-
magnetic field lines, whereas the transverse component
leads only to plasma drift at a constant speed. Here,
ei(w) is the plasma permittivity tensor [Ginzburg,
1967]; E is the amplitude of electric field oscillations;
the asterisk marks complex conjugation; &; is the Krone-
cker symbol; ® is the wave frequency. The plasma permit-
tivity tensor has the form [Lifshitz, Pitaevsky, 1979]
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Here 6 is the Levi-Civita symbol; T=B/B is a unit
vector tangent to the external magnetic field line; the
summation in (3) is performed for particles of all types
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(electrons, ions); c)0=(41te2N/m)1 is the plasma

frequency; Q=eB/mc is the cyclotron frequency; e, m,
and N are the charge, mass, and concentration of parti-
cles of a given type; c is the speed of light.

In Earth's magnetosphere, the most powerful wave
activity occurs in the magnetohydrodynamic (MHD)
range. We limit ourselves to the analysis of the pon-
deromotive force of Alfvén waves [Alfvén, 1952],
which are represented in the magnetosphere by various
geomagnetic pulsations [Guglielmi, 1979; Nishida,
1980; Guglielmi, Potapov, 2021]. It has been shown
[Potapov et al., 2002; Potapov, Guglielmi, 2010; Gug-
lielmi, Feygin, 2018; Feigin, Guglielmi, 2023] that un-
der the influence of Alfvén and ion-cyclotron waves a
noticeable redistribution of plasma occurs along geo-
magnetic field lines. The ponderomotive force “rakes”
the plasma toward the minimum of the magnetic field,
i.e. toward the plane of the geomagnetic equator with a
dipole approximation of the external magnetic field,
resulting in an equatorial compaction of plasma.

On theoretical grounds, the traveling Alfvén wave is
of particular interest. The wave trajectory coincides with
the geomagnetic field line, and at each point of the tra-
jectory the relation holds

vV E?=EV,In(8%/p), (4)

where p = Z m;N; is the plasma density; m; and N; are the

mass and concentration of i-type ions, and the summation
is made over ions of all types (see, e.g., [Guglielmi, 1992]).
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From (1), in view of (4), a simple expression for the pon-
deromotive force follows

2
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which is convenient for calculations.
Formula (5) is applicable when the strong inequality

o< min{Q;} holds, where Q, =¢B/mc is the ion
gyrofrequency. In this case, the dispersion equation for
Alfvén waves has the form nH2 =g, , with g, =c’/c2,

where ¢, =B/\/4np the  Alfvén
n =ck /m,, k is the longitudinal component of the
wave vector. It is assumed that ¢, << c (dense plasma)
and k, <k, (quasi-transverse propagation).

f, = ®)

is velocity;

When o < min{} all ions move with the same

acceleration under the action of the Alfvén wave.
This limits the range of problems to be solved analyt-
ically, in particular, does not allow us to analyze the
ponderomotive separation of ions with different
charge-to-mass ratios.

However, the strong inequality o << min{<;} can

be reduced. For example, it suffices to assume that in a
two-component plasma containing electrons, protons,
and oxygen ions O, o< Q.. provided always that the

above inequality is not violated at any point on the tra-
jectory of the traveling wave. If the additional condition
is violated, the wave field structure is sharply compli-
cated, which makes the analytical study of the pon-
deromotive redistribution of ions more difficult.

Let us explain this with the help of Figure. It shows
the dispersion curve for Alfvén waves at the Clarke val-
ue of oxygen K =p_. /pH+ =0.2, where p_, and

p,. are the densities of oxygen and hydrogen ions re-

spectively. Hereinafter, the term "Clarke number", or
simply "Clarke", is used. It is common in the geophysi-
cal and cosmophysical literature. Classical Clarke ex-
presses the average content of chemical elements in a
certain system in relation to the total mass of this sys-
tem. We have somewhat expanded the meaning of this
term to utilize it as an indicator of plasma metallicity. In
this paper, Clarke, in fact, represents the ratio of Clarke
of oxygen to Clarke of hydrogen. By the corresponding
system we mean a rather small volume of plasma within
which the densities of ions of both types are uniform.
Recall that metallicity in astro- and cosmophysics is
commonly referred to as the relative concentration of
elements heavier than hydrogen and helium in stars or
other astronomical objects
[https://www.aanda.org/glossary/194- metallicity].

We can see that at ® > QO+ there is a reflection point
(n,=0) of a wave propagating into a stronger magnetic
field. This leads to the formation of a specific resonator in
the magnetosphere in the vicinity of the geomagnetic equa-
tor [Guglielmi et al., 2000; Guglielmi and Potapov, 2012].

The waves in the resonator are standing. Simple self-
consistency condition (4) is not met for them. Nonetheless,
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Dispersion curve for Alfvén waves in quasi-transverse
propagation in hydrogen-oxygen plasma. The longitudinal
refractive index n, =ck /o isexpressed in c/ca

self-consistency is necessary since the ponderomotive
modification of plasma affects the intensity of the wave
whose action causes this modification.

We deal with the effect of traveling Alfvén waves on
plasma; therefore, we assume that the condition of the
form o< Q.. is fulfilled along the entire wave trajec-

tory. We show that the ponderomotive forces acting on
ions with different charge-to-mass ratios are greater the
lower the specified ratio. As a result, ponderomotive
separation of ions occurs, and the chemical composition
of the plasma changes. In particular, heavy ions accu-
mulate in the vicinity of the geomagnetic equator in the
dipole model of the magnetosphere, i.e. plasma metal-
licity increases. Thus, we can talk about metallization of
magnetospheric plasma in magnetic field minima on the
field lines along which Alfvén waves propagate.

1. PARTIAL FORCES

Decompose ponderomotive force (1) into the sum of
partial ponderomotive forces: f, =Z fi- Here s=g, i;
the subscripts e and i denote electrons and ions. Take
into account the relation

4mi
&y = Oy + Oik

(6)

and use the additivity of the complex electrical conduc-
tivity tensor: o, =Y o,. Then, we express f

lIs

through o,,; oy, is the contribution of charged s-type

particles to electrical conductivity.

Select the geomagnetic field line along which the
Alfvén wave propagates and introduce a concomitant
coordinate system (x, y, z) in the vicinity of the line such
that the X-axis is directed along the binormal, and the
Z-axis is tangential. Using (1), (3), (4), (6), we get
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Let us give expressions for the partial forces acting
on electrons, protons, and singly charged oxygen ions in
a two-component plasma:
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2. DIFFUSION EQUILIBRIUM

Examine the static equilibrium of a two-component
isothermal plasma in the quasi-hydrodynamic approxi-
mation. The balance of forces acting along the geomag-

netic field line is described by the equations
Op, =p.9, —eNE, + f (11)

(12)

lle®
op; =p9, +eN;E + in.

Here p.=NT and p;=N;T are the partial pressures of elec-
trons and ions; T is the temperature; N is the electron
density; g, is the longitudinal projection of gravitation-

al acceleration; E, is the electric field of ambipolar dif-

fusion. The index i takes values 1 and 2 for quantities
related to light and heavy ions respectively. Equations
(7)—(11), in view of the quasi-neutrality condition
N=N,+N,, yield an expression for the ambipolar

electric field

E, :_%(gﬁaﬂ)' (13)

where a =(f,+f,)/p is the ponderomotive accelera-

tion; m, = p/ N is the average ion mass. By substituting

(13) into (12), we obtain two first-order nonlinear differen-
tial equations

m+

ToN, :[mi
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describing the distribution of ions i=1, 2 along the geo-
magnetic field line.

3. DISCUSSION

We have compiled system of differential equations
(14) describing the ponderomotive effect of Alfvén
waves on the distribution of ions with different charge-to-
mass ratios along geomagnetic field lines. It is advisable
to conduct a general study of (14), taking into account
rather cumbersome formulas for partial forces (7), using
numerical methods. In this preliminary study, we limit
ourselves to qualitative analysis of two extreme cases.
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In the case of sufficiently small Clarke numbers
k= p, l p,, the system of equations is simplified and

allows an analytical solution. Examine the so-called
magnetic well, i.e. the small neighborhood of the point
on the magnetic field line at which the field strength is
minimum. The magnetic field increases quadratically
with distance from the bottom of the well. From (7),
(14), omitting cumbersome calculations, we get the de-
pendence « (2):

k(2)=k (O)EXp(faZZ). (15)
Here,
= “1d°B
o= - 2 = 2| 5 a2 (16)
4am,T{ Q; —0° ) B dz

The distance z is measured along the field line from
the point z=0, where the field B is minimum. The
quantities Q,, E,, B, and d*B/dz? refer to z=0.

In the dipole magnetosphere, minimum B is located
at the point of intersection of the field line with the
equatorial plane. We can see that the number ~ charac-
terizing plasma metallicity is maximum at the top of the
field line along which the Alfvén wave propagates. The
value x is proportional to the square of the wave ampli-
tude; and the larger is the value, the smaller is the fre-
quency difference Q,-o.

Thus, we come to the conclusion that the density
distribution of O" ions exhibits a maximum at the mag-
netic equator of the field line. It is interesting to com-
pare our conclusion with satellite data on ion density in
the magnetosphere. For obvious reasons, direct observa-
tions of ion distribution along geomagnetic field lines
are extremely difficult; therefore, an indirect measure-
ment method was employed in [Takahashi et al., 2004].
The idea is that the structure of the spectrum of toroidal
MHD oscillations in the magnetosphere depends cru-
cially on plasma distribution along geomagnetic field
lines. By measuring the frequency ratios of electric and
magnetic oscillation spectrum harmonics, we can judge
the plasma density distribution along magnetic field
lines. The CRRES satellite was used for observations
and thorough analysis of oscillations in the afternoon
sector of the magnetosphere (12-18 MLT) in the range
of magnetic shells L from 4 to 8. The results [Takahashi
et al., 2004] suggest that the distribution of mass ion
density over shells 4<L <6 does not differ from the elec-
tron density distribution measured earlier by radio
sounding: both are minimum in the region of the mag-
netic equator. At higher shells (L>6), the electron densi-
ty behavior remains the same, whereas the ion density
has a local maximum at the intersection of the magnetic
shell with the equatorial plane. This can only be the case
if (while maintaining the plasma quasi-neutrality) heavy
ions, primarily oxygen ions, make a significant contri-
bution to the total ion density. The fact that Takahashi et
al. [2004] did not see a local maximum of O" ions at
lower L does not mean that it is absent there. It may turn
out that on lower shells the O" concentration also has a
maximum at the equator, yet it is not large enough to
cause a significant change in the ion density distribution
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along the magnetic field line and hence the formation of
a local maximum at the magnetic equator. According to
[Fuselier, 2020], in the dayside magnetosphere, where
Takahashi et al. [2004] carried out measurements, the
concentration of oxygen ions is maximum in the region
adjacent to the magnetopause and decreases at lower
shells. In general, the study into the L-parameter de-
pendence of the effect of heavy ion accumulation at the
top of the magnetic field line requires both a separate
theoretical study and a more accurate statistically justi-
fied experimental assessment of plasma ion density pro-
files at various heights. We, therefore, only state that
our theoretical results do not contradict the CRRES sat-
ellite indirect measurements.

Additional evidence for our theory is in [Denton et
al., 2006] in which the dependence of the ion distribu-
tion along magnetic field lines on the geomagnetic ac-
tivity indices and the intensity of toroidal oscillations
has been analyzed. The authors also found a maximum
density of heavy ions at the equator of the magnetic
shell. At the same time, a nonmonotonic change in the
plasma mass density with a local maximum at the equa-
tor was observed for L from 6 to 8, and the degree of
nonmonotonicity increased with L. The question arises
as to at what values of L our theory can work. If we talk
about fundamental equations (7)—(14), the applicability
of our theory is in no way related to L. The conditions
for the applicability of these equations are defined in the
text. The equations can be applied not only to the mag-
netosphere, where the spatial structure of the magnetic
field depends crucially on L, but also (with some reser-
vations) to other plasma formations in space, where a
parameter similar to L may not exist. As for the magne-
tosphere, we do not see any fundamental limitations on
L. The limitations may be associated with the conditions
for the applicability of the fundamental formulas, but
we have already mentioned this.

Thus, our theory works for any L, but the degree of
accumulation of heavy ions at the top of the magnetic
field line depends on their concentration. Fuselier
[2020] has shown that the highest concentration of oxy-
gen ions in the dayside magnetosphere is observed in
the region of the low-Ilatitude warm plasma cloak on the
inner side of the magnetopause. It was there that
Takahashi et al. [2004] and Denton et al. [2006] have
found the most distinct peaks of mass ion density near
the magnetic equator. Note that Denton et al. [2006]
consider ponderomotive forces to be the most likely
driver of the upward motion of heavy ions that causes
the ion density to increase near the equator.

The second extreme case refers to regions of the
magnetosphere with large Clarke numbers far exceeding
unity. It would seem that we can only talk about plasma
sheets directly adjacent to the F2 layer of the ionosphere
from above, but this is not entirely true. A relatively
high content of O* ions was detected at the periphery of
the dayside magnetosphere during geomagnetic disturb-
ances. For example, the review [Fuselier, 2020] indi-
cates that concentrations of protons and singly charged
oxygen ions are 0.5 and 0.2 cm® respectively. These
values correspond to x = 6.4. The review [Kronberg
et al., 2014] and the papers [Roberts et al., 1987; Fuse-
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lier et al., 1989; Nos¢ et al., 2009, 2011; Denton et al.,
2019] also contain information indicating the abun-
dance of the oxygen ions of ionospheric origin in the
magnetosphere.

When x > 1, Equations (14) can be simplified. The
distribution of O* almost completely determines the
distribution of plasma density along geomagnetic field
lines. If < Q. as we assume, a situation arises that

is formally similar to that analyzed in detail when solv-
ing the problem of the effect of ponderomotive forces
on a two-component plasma consisting of electrons and
H* ions. With the dipole configuration of the geomag-
netic field, the ion distribution pattern is qualitatively as
follows: three density extremes are formed with a max-
imum at the magnetic equator of the field line and two
symmetrically located minima [Guglielmi, 1992;
Lundin, Guglielmi, 2006].

CONCLUSION

We have examined the problem of ponderomotive
separation of ions with different charge-to-mass ratios
under the influence of Alfvén waves and have derived
formulas for partial ponderomotive forces acting on
light and heavy (metallic) ions. A system of equations
describing the distribution of ions along magnetic field
lines in Earth's magnetosphere is obtained in the quasi-
hydrodynamic approximation. We have found that the
Clarke number characterizing plasma metallicity is
maximum at the magnetic field minimum on the field
line along which the Alfvén wave propagates.

The work was carried out under Government assign-
ments of the Ministry of Science and Higher Education of
the Russian Federation for IPE RAS and ISTP SB RAS.
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