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Abstract. We present a modified method of HF ra-

dio channel modeling based on a waveguide approach. 

The waveguide approach represents the electromagnetic 

field of radiation inside the Earth—ionosphere wave-

guide as an eigenfunction series of a radial boundary 

problem with impedance conditions on the Earth surface 

and radiation conditions at infinity. The transfer func-

tion of the radio channel is represented as a series of 

products of angular-operator Green functions, excitation 

coefficients, and coefficients for receiving individual 

normal modes. We have obtained a solution of the 

boundary value problem of determining the eigenfunc-

tions and eigenvalues of the radial operator. The solu-

tion can be applied to the frequency range below the 

ionospheric F-layer critical frequency. We examine al-

gorithms for calculating distance-frequency, frequency-

angular, and amplitude characteristics of signals by ana-

lyzing and numerically summarizing the series in terms 

of strongly damped normal modes. 

Keywords: radio wave propagation, radio channel, 

waveguide approach, simulation, ionosphere sounding. 

 

 

 

 

INTRODUCTION 

The decameter range is widely used for developing 

various radio engineering systems due to the capability 

of providing conditions for communication and radar 

over long distances, as well as for diagnostics of the 

environment in large spatial areas. For such systems to 

operate, it is important to devise effective computational 

schemes for modeling the characteristics of radio wave 

propagation along long and ultra-long radio paths. 

Methods for calculating HF propagation characteristics 

were developed most intensively in the 1970s–1980s. 

Approaches based on the geometrical optics method were 

generally adopted [Kazantsev et al., 1967; Lukin, Spiri-

donov, 1969; Kravtsov, Orlov, 1980], which could calcu-

late the trajectory characteristics of propagation and esti-

mate the amplitude of a signal. Studies were also carried 

out which delved into radio wave propagation, develop-

ment of effective methods for calculating various HF-

signal characteristics for models close to real propagation 

conditions. The adiabatic invariant method [Gurevich, 

Tsedilina, 1979] and its generalizations based on asymp-

totic solutions of ray equations [Baranov et al., 1992] 

increased the efficiency of the analysis of long-range 

radio paths. Numerical methods applying the Maslov 

canonical operator [Ipatov et al., 1990] and the theory of 

catastrophes [Kryukovskii et al., 2006] made it possible 

to analyze the field in an inhomogeneous magnetoactive 

medium, taking into account peculiarities in caustics [Ipa-

tov et al., 2014]. The effects of the influence of random 

irregularities of various scales were studied using the 

interference integral method [Avdeev et al., 1988] and the 

generalization of the Rytov method [Zernov et al., 1992]. 

The parabolic equation method was also applied to these 

problems [Cherkashin, 1971; Baranov, Popov, 1993].  

Another approach to the description of long-range 

HF radio wave propagation is the waveguide approach — 

the method of normal modes proposed by P.E. 

Krasnushkin in 1947 [Krasnushkin, 1947] and devel-

oped in the 1980s by the team of researchers led by I.I. 

Orlov [Kurkin et al., 1981]. The method is one of the 

main ones in the range of very long waves [Krasnush-

kin, Yablochkin, 1963; Makarov et al., 1993] and in 

underwater acoustics [Ahluwalia, Keller, 1980; Kamel, 

Felsen, 1982]. In the waveguide approach, the HF elec-

tromagnetic field inside the Earth—ionosphere wave-

guide is represented as an eigenfunction series of the 

radial boundary value problem [Kurkin et al., 1981]. For 

the numerical implementation of the method, the series 

is limited to a group of normal modes effectively excit-

ed by the transmitter and weakly decaying. When solv-

ing the unified electrodynamic problem of radio wave 

transmission, propagation, and reception, the waveguide 

approach is used to obtain expressions for excitation and 

reception coefficients of normal modes [Kurkin, Kha-

khinov, 1984; Khakhinov, 2018] for antennas of stand-

ard types employed in HF radio communications 

[Aizenberg et al., 1985]. Using the mathematical 

scheme of analysis and numerical summation of a num-

ber of normal modes, algorithms for modeling the main 

HF signal characteristics were implemented without 

complicating calculations in terms of signal focusing at 

the skip zone border [Kurkin et al., 1982]. 

https://orcid.org/0000-0001-5120-1150
https://orcid.org/0000-0002-5824-998X
https://orcid.org/0000-0002-0928-3129
https://orcid.org/0000-0002-1371-685
https://orcid.org/0000-0002-3765-9744
mailto:khakhin@iszf.irk.ru


V.I. Kurkin, N.V. Ilyin, M.S. Penzin, S.N. Ponomarchuk, V.V. Khakhinov 

84 

Modern HF radio communication, including cogni-

tive radio, involves adjusting radio equipment parame-

ters for changing radio path properties, using data from 

active and passive ionospheric sounding [Anderson, 

2019; Ayliffe et al., 2019]. The methods of adapting 

radio system parameters are generally based on the 

analysis of the radio-channel transfer function by apply-

ing models of radio wave transmission, reception, and 

propagation in the ionosphere. Receiver radio signal 

processing matched to the transmitted signal makes it 

possible to eliminate received-signal distortions intro-

duced by the transfer function of the real radio channel 

[Ivanov et al., 2019a, b]. Operating radio frequencies 

are selected based on the signal-to-noise ratio, taking 

into account multipath propagation of the recorded sig-

nal. As an example of constructing a transfer function 

by the geometrical optics method, we can point to the 

dynamic adaptive physically structural model of iono-

spheric radio channel developed at Rostov State Univer-

sity [Barabashov, Vertogradov, 1996].  

In general, an HF radio channel includes a set of de-

vices used to transmit information from a source to a 

receiver, and a radio wave propagation medium. Structure 

flowchart of an HF radio channel is shown in Figure 1. 

We examine a radio channel with known technical and 

functional characteristics of its constituent parts: receiv-

ing-transmitting antenna-feeder systems, the Earth—

ionosphere waveguide. It is expected that the transmit-

ting and receiving devices are coordinated with trans-

mitting and receiving antennas and there is no loss of 

signal energy in antenna feeders. The ionosphere is con-

sidered stationary during signal propagation from a 

transmitter to a receiver. 

The paper presents a composite model of HF radio 

channel, including transmitting and receiving devices, 

an ionospheric radio channel, and a software package 

for calculating characteristics of radio signals by the 

method of normal modes. In the first part of the work, 

we introduce a scheme for framing a solution of Max-

well equations for the electromagnetic field components 

in the inhomogeneous Earth—ionosphere waveguide as 

an expansion in radial-operator eigenfunctions. In the 

second part, we construct solutions of the radial boundary 

value problem for eigenfunctions and eigenvalues, tak-

ing into account signal field absorption in the iono-

sphere and on Earth surface for the decameter frequency 

range, including frequencies below the F-layer critical 

frequency. Then, we present a scheme for constructing 

the transfer function of an ionospheric radio channel as 

a series of products of angular-operator Green functions, 

excitation coefficients, receiving coefficients of individ-

ual normal modes, which depend on eigenfunctions and 

eigenvalues of the radial boundary value problem in 

terms of strongly damped waveguide modes. We intro-

duce a scheme for processing quasi-monochromatic 

signals and signals with linear frequency modulation 

(chirp signals). We examine algorithms for numerical 

modeling of HF-signal distance and amplitude charac-

teristics by analyzing and numerically summing a num-

ber of normal modes. In the final part of the work, we 

present the results of numerical simulation of radio sig-

nal characteristics with the developed software package. 

The developed methods and algorithms enable both 

rapid calculations within a two-point formulation of the 

problem for HF radio paths and simulation of spatial 

distributions of radiation on the Earth surface or its ver-

tical distributions in the Earth—ionosphere waveguide 

at different ranges from the transmitter. 

 

METHOD OF NORMAL MODES 

The waveguide approach solves a single electrody-

namic problem of radio wave transmission, propagation, 

and reception. Let us examine a scheme for constructing 

a solution of Maxwell equations by the method of nor-

mal modes in the isotropic azimuthally symmetric 

Earth—ionosphere waveguide. The polar axis of the 

spherical coordinate system passes through a transmit-

ting system. For the Fourier components of the electro-

magnetic field with harmonic dependence on time 

 exp ωi t  the Maxwell equations can be written as: 

4π
ˆrot ε , rot .

ω
B ik E j E ikB     (1) 

The complex permittivity of the ionosphere ε̂  in the 

cold plasma approximation has the form [Ginzburg, 1967]

 

Figure 1. Structure flowchart of an HF radio channel 
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Inside Earth, 0 r a  , where a is the Earth radius, 

t t

4π
ˆ ˆε ε ε σ ;

ω
t i   in the region 

Ha r r  , where 
Hr  is 

the coordinate of the lower boundary of the ionosphere, 

ε̂=1;  at infinity ˆlim ε 1.
r

  The boundary conditions on the 

surface r= a for ,E B  have the form 

t ,B B  Etφ=Eφ, Etθ=Eθ, t tε̂ .r rE E  (3) 

The index t in (3) refers to the field inside Earth. At 

infinity, the fields should satisfy the radiation condition 

 
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In (1) and (4), k=ω/c. If the current density in (1) 

 , θ, ω ,j r  then, due to the symmetry of the problem 

with respect to rotations around the polar axis, system of 

equations (1) is divided into two groups of equations: 1) 

Er, Eθ, Bφ form a TM field; 2) Br, Bθ, Eφ form a TE field. 

In this case, Er, Eθ are expressed in terms of Bφ; and Br, 

Bθ, in terms of Eφ. Matching conditions for Eφ, Bφ on the 

surface r=a have the form 

   

   

t t
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 (5) 

The general equation for determining Eφ, Bφ after the 

transition to a new variable cosθx    and new functions 

21Е rE x  and 2 ˆ1 /В rB x    can be written 

as 
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Conditions (5) take the form 

 

t

t t t

t t

t

ˆ, , ε ,

1
ε̂ .
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r r

B
B
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 
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 (7) 

At infinity, the function Π satisfies the radiation condi-

tion 

lim 0.
r

ik
r

 
   

 
 (8) 

Represent the solutions of boundary value problems 

(6)–(8) for E and B  at each x as eigenfunction expansion 

of radial boundary value problems for TM and TE fields, 

formulated in [Kurkin et al., 1981] for the spherically 

symmetric waveguide. The radial equation has the form 

 
 22

2

2 2
, 0.

nn
n

xR
k r x R

r r

 
      

 (9) 

Here, 2

n is a complex eigenvalue of the radial problem. 

The boundary conditions for the eigenfunctions Rn on 

r=a and at infinity are similar to (7) and (8) if Rn is sub-

stituted for E  and B . If we impose the condition that 

the functions Rn for r→0 satisfy the relation 

 
0

lim / 0,n
r

R r


  (10) 

for the discrete part of the spectrum of the boundary 

value problem the radial functions meet the normaliza-

tion condition [Kurkin et al., 1981] 

2

0

δ
.n m nmR R

dr
ar



  (11) 

Thus, we will seek the solution of (6) in expanded 

form 

     , , .n n

n

r x X x R r x   (12) 

Insert (12) into (6), multiply by Rm, and integrate over r. 

This yields  

2
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

  (13) 

with the following designations introduced 

   
0 0

, , .m m n nI x a IR dr R f f R dr

 

     

The terms in square brackets in (13) describe the inter-
action of normal modes during propagation in an inho-
mogeneous waveguide [Popov, Potekhin, 1984]. In the 
case of smooth variations in ionospheric parameters 
along the x coordinate, we can neglect the interaction of 
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normal modes, as well as the terms with ξ in (13) and 
2

2

1
ε̂

ε̂r

  
 

  
 in the expression for 2k  in (6). Then, 

after introducing the notation  
22 2 2 2 ,n n nka h      (13) 

can be written as 

 
2

2

2 2
,

1

n n
n

d X I
h q x X

dx x
 


 (14) 

where  
2

2

γ
.

1

nq x
x




 The large parameter h=ka~10
6
 

allows us to use asymptotic methods to solve it. The 
coefficient q(x) has two singular points at x=±1. An 
asymptotic solution is framed as follows. At first, we 

seek asymptotic representations for Xn in  1,1 δx    

and  1 δ,1 ,x    δ>0. By matching these solutions 

inside the overlapping region (–1+δ, 1–δ), we obtain the 
solution of (14). A solution in each of the constituent 
regions can be found by the reference equation method 
[Fedoryuk, 1983; Popov, Potekhin, 1984]. As an exam-
ple, we write an expression for Xn(θ) outside the trans-
mitter and the antipode point for a point vertical mag-
netic dipole with current density distribution 
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where m0 is the total magnetic moment; b is the radial 
coordinate of the transmitter; θ0 is the angular radius of 
the frame. The expression for Xn(θ) has the form 
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Similarly, for the vertical electric dipole with current 
density distribution 
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where p0 is the total dipole moment, the expression for 
Xn(θ) has the form 
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Using (12), (16), and (18), taking into account the 
substitutions of the variable and functions, we obtain 
expressions for the electromagnetic field components 
Eφ, Bφ 
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Here, 3/ 2 π / 4

02π ,m iA h m e  
 

3 / 2 π / 4

02π .
ε , 0

i

e h p e
A

b
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Other electromagnetic field components are expressed 

in terms of Eφ, Bφ. Similar expressions for the field 

components are presented in the monograph [Kurkin et 

al., 1981], where they were derived by generalizing 

formulas for the spherically symmetric Earth—

ionosphere waveguide in the adiabatic approximation. 

 

RADIAL BOUNDARY VALUE 

PROBLEM 

Rewrite radial equation (9) for a fixed angular coor-

dinate θ as 
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 q y  is the electron density profile N(y), normalized to 

unity at a maximum point;  q y  is the profile of effec-

tive frequency of collisions with neutrals veff, normal-

ized to unity at the lower boundary of the ionosphere 

H .y y  In radial equation (21), transition to the dimen-

sionless variable y=r /a is made. Here and elsewhere in 

this section, we do not show the dependence of Rn on θ. 

Replace the conditions for the radial function Rn on the 

surface r=a and for r→0 by the Leontovich impedance 

boundary condition [Leontovich, Fok, 1946] on the 

Earth surface, which has the form [Kurkin et al., 1981] 

1
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where S=1 for TE modes, ˆ1/ tS    for TM modes. The 

radiation condition at infinity 
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n
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 
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The solutions of (9) satisfy normalization condition (11) 

for Rn. The eigenfunctions Rn of (21)–(23) with imped-

ance boundary conditions on the Earth surface do not 

have this property. Next, to find the normalization con-

stants in the radial-problem eigenfunctions, we use the 
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approximate condition 

 2

2

1

1.
nR y

dy
y



  (24) 

Unlike the previously developed approach [Kurkin 

et al., 1981], the coefficient of the radial equation 

 , n nQ y i    takes into account the imaginary part of 

the complex permittivity of ionospheric plasma, as well 

as the complexity of the eigenvalue of the radial problem.  

Look at the scheme for solving the radial problem, 

using the single-layer Earth—ionosphere waveguide as 

an example. In (21), the variable y is considered as a 

complex variable z. Then the solution of the radial equa-

tion is written as a WKB approximation since 

h=ka~10
6
. Zeros of  , ,n nQ z i  

1 1 1n n nz y i   , and 

2 2 2ψn n nz y i  determine reflection points [Kurkin et 

al., 1981; Ponomarchuk et al., 2014]. Depending on 2

n , 

the lower reflection point is the Earth surface or the 

point 1 .n n n n nz i iv        In the vicinity of the 

upper reflection point, 2nz  changes sign 

 Re , n nQ z i   ; therefore, from the condition 

 Re , 0n nQ z i     we can approximately write the 

expression for the real part 2 2

n n n      

 2

11 .n y q y      (25) 

From (25) we can find radial coordinates of the reflec-

tion points y1n and y2n, as well as the boundary values ξn, 

which define the group of normal modes forming the 

field in the waveguide — minimum and maximum 

numbers of the normal modes in a series. To estimate 

the real part of ξn, choose a model electron density pro-

file composed of two quasi-parabolas with a matching 

point  0 H / 2,my y y   where yH is the reduced height 

of the lower boundary of the ionosphere; ym is the re-

duced height of F-layer maximum [Kurkin et al., 1981]. 

The parameters of the quasi-parabolas yH, ym correspond 

to the heights of the ionospheric layer of 90 and 300 km, 

the F-layer critical frequency f0=ωe/(2π) is 6 MHz. 

Figure 2 shows  2

11n y q y      for different 

sounding frequencies. The intersection points of the 

black dashed lines corresponding to 
2 2

n nv   with ξn 

indicate the radial coordinates of reflection points. Blue 

lines denote the range of variation in the real part 

 min max, ,n     i.e. a group of normal modes forming 

the field in the waveguide. The values of 

 max1,  define a group of normal modes propagat-

ing in the above-ground waveguide (as termed by P.E. 

Krasnushkin [Krasnushkin, 1947]). The values 

 min , 1n    determine the group of ground waveguide 

modes. The red line in Figure 2 indicates the depend-

ence of ξn for a frequency equal to the F-layer critical 

frequency f=f0. For this frequency, min 0   (red dashed 

line). In the previously developed waveguide approach 

[Kurkin et al., 1981], the boundaries of the eigenvalue 

real part were found by neglecting the imaginary part of 

   1 2
ˆ 1 q y i q y        and the imaginary part of vn 

in  , n nQ y i    of (21). Accordingly, in algorithms 

for calculating signal characteristics, the operating fre-

quency exceeded the F2-layer critical frequency along 

the propagation path so that the condition 

 Re , 0nQ y    held [Kurkin et al., 1981; Altyntseva et 

al., 1987]. If the imaginary part of the spectral parameter 

vn is taken into account, the lower limit on the operating 

frequency is removed since there is a solution of (25) 

for such frequencies. 

The eigenvalues 2

n n ni      of (21)–(23) in the 

complex plane (ξn, χn) are located in the upper half-

plane since 2 2 ,n n nv     2 .n n nv    In the complex 

plane (γn, vn), the spectral parameter values 

n n n niv i       are in the upper right quadrant. In 

the range of operating frequencies lower than the F2-

layer critical frequency, the real part of γn tends to zero 

with an increase in the number of the normal mode n, 

whereas the imaginary part of vn rises sharply. At the 

same time, for a certain part of the spectrum, namely 

such that it still makes sense to take into account the 

contribution to the field in the Earth—ionosphere wave-

guide, the number of normal modes is quite large, of the 

order of several thousands [Ponomarchuk et al., 2014]. 

For numerical simulation of the normal mode character-

istics, ξmin at f<f0 can be estimated from the damping 

condition of a divergent conical normal mode along the 

angular coordinate θ 

2

,
n

d f
v

cE e




 (26) 

where d is the distance to the transmitter. If we suppose 

that the radiation field decreases by a factor of e (the 

power of exponent is –1) at a distance d=10 km, then for 

f=3 MHz we get vn=0.0016. In this spectral region 

n nv and for 
2 2

n n nv    , we can use the estimate 

min 0.000025.   

 

Figure 2. Height dependence of ξn for different sounding 

frequencies of 2, 4, 6, 10, and 15 MHz (1–5 respectively)  
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The solution of (21) outside the vicinity of the re-

flection points z1n, z2n can be written in the form of a 

WKB approximation [Heading, 1965] 

 
1

4
exp ,

n

z

n
n

z

C
R z ih Qdz

Q

  
  
 
 

  (27) 

where nC   are arbitrary constants. In the region of the 

reflection points z1n, z2n, the solution of (21) is found 

using the standard Airy equation [Fock, 1970]. The so-

lution of the radial boundary value problem near the 

Earth surface in the vicinity of 1n n nz iv    is ex-

pressed as a linear combination of Airy functions и(x) 

and υ(x) [Fock, 1970], taking into account the imped-

ance boundary conditions [Ponomarchuk et al., 2014]. 

Using asymptotics of the Airy functions и(х) and υ(х), 

the solution of the radial problem can be transformed to 

a form that coincides with the WKB solution of (21), 

 
1

1

1/4
cos .

n

y

n
n n

z

C
R z h Qdy

Q

 
  
 
 
  (28) 

Here, Φn is an addition to the normal mode phase relat-

ed to the reflection coefficient of the mode from the 

Earth surface [Kurkin et al., 1981; Ponomarchuk et al., 

2014]. In (28), z1n=1 for γn<1 and 1n n nz iv    for 

γn>1. The normal modes corresponding to γn<1 de-

scribe electromagnetic field propagation in the ground 

waveguide; and the modes with γn>1, in the above-

ground waveguide [Krasnushkin, 1947; Kurkin et al., 

1981].  

For the reflection point z2n in the ionosphere, we 

seek the solution of (21), using the standard Airy equa-

tion and choosing only the solution decreasing deep into 

the ionosphere [Kurkin et al., 1981; Ponomarchuk et al., 

2014]. Asymptotics of the solution in the waveguide has 

the form [Fock, 1970] 

 
2

2

1/4
sin .

4

nz

n
n

y

C
R z h Qdy

Q

 
  

 
 
  (29) 

From the matching condition of solutions (28) and (29) 

inside the waveguide, we derive an equation for the eigen-

value spectrum 2

n n ni      of the radial problem and 

the relationship between constants C1n and C2n: 

 

 

2

1

, ,

,
4

n

n

z

n n

z

n n n

h Q z i dz

i n

    


      


 (30) 

  1 21 .
n

n nC C   (31) 

By dividing (30) into real and imaginary parts and 

neglecting small second-order quantities on expanding 

Q  and Φn in small quantities of βq2(y) and χn, we 

obtain equations for determining ξn and χn: 

   
2

1

, Re ,
4

n

n

y

n n n

y

h Q y dy n


        (32) 
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y n

n y

n n

y n

q y
h dy

Q y

h dy
y Q y




  


 

  






 (33) 

The value of the constant 1nC  is found from the normal-

ization condition of radial functions (24). 

 

MODEL OF IONOSPHERIC  

RADIO CHANNEL 

The initial data is the radio channel characteristics 

and the current density distribution  ,j r   in the 

transmitting antenna. The resulting current Ja at the out-
put of the feeder-loaded receiving antenna located at the 

point  F, ,r r    is defined by the expression [Kha-

khinov, Kurkin, 2006; Khakhinov, 2018] 

   
0 0

a .

e m
n nih d ih d

e e m m

n n n n n

n

J A D P e D P e

 

        
 

  
  

 
 

  (34) 

Here, 4

,

2

sin

i

n
e m

n

ka
A i e

c




 
 

. Efficiency of excitation 

of normal modes is characterized by  e

nD  and 

 .m

nD   It is reasonable to call them the excitation co-

efficients of normal modes. Under the method of normal 
modes, the excitation coefficients were obtained using 
the reciprocity theorem [Kurkin, Khakhinov, 1984]. The 

coefficients  ,e m

nD   are expressed as integrals over the 

volume  1 1 1 1, , ,V r   occupied by the field source, and 

are analogs of antenna patterns of transmitting antennas. 

 
  
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adV
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 

   
  



      

   

   






 (35) 

     

 
  

1

1 1

1 1

1 1 1

1

cos sin

,
exp cos .

m
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V

m

n m

n

D j j

R r
ih dV

r

 
       


    


 (36) 

The values 
,e m

nP  characterize the current induced in 

the antenna by the TM- and TE-field components of 
individual normal modes; they can therefore be called 
the receiving coefficients of normal modes with corre-

sponding polarization. Expressions for 
,e m

nP  have been 

obtained in [Khakhinov, 2018] by the traveling-wave 
superposition method under conditions of applicability 
of the long-line theory. 
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 
   

 
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e
e en

n r l n l l
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e
ihn l l

l

Y l h
P e e R r

W kr
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ik dr
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

 
  




 

 


 (37) 

 
 

   Fcos
, .

m
n l lihm m

n l n l l

l

Y l
P e e R r e dl

W

    

   (38) 

Here, the function Y(l) characterizes the current distribu-
tion in the antenna; W, the wire wave resistance. 

The ,e m

nD  and ,e m

nP  values depend on  , ,e m

nR r   

and    
2 2

, , ,e m e m e m

n n niv     of the corresponding radial 

boundary value problems for the magnetic TM (with 
index e) and electric TE (with index m) fields at trans-
mitting and receiving points. Expression (34) is written 
in the adiabatic approximation under the assumption 
that ionospheric parameters vary smoothly along the 
angular coordinate θ. In this approximation, the normal 
mode number n is an adiabatic invariant, and the mode 

characteristics, determined by    
2

, ,e m

n   depend on 

range [Kurkin et al., 1981]. 
Note also that the expression for the current in the 

receiving antenna is obtained in the isotropic Earth — 
ionosphere waveguide, without taking into account the 
magnetic field, so the sounding wave polarization type 
is not determined. The current in the receiving antenna 
is defined by the efficiency of excitation and reception 
of normal modes. 

 

SIGNAL WAVEFORM 

Write the signal Ua at the receiver input as 

a a a ,U J R  (39) 

where Ra is the active component of the antenna (re-
ceiver) impedance. Expression (34) for Ja at the output 
of the receiving antenna can be rewritten as [Kha-
khinov, 2006] 
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4
.e e e m m m

n n n n n n

n

J i ка G D P G D P
c


   (40) 

Here, the functions  

 ,

0

1/ 2

4,

,

1 2
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4 sin

e m
nih d i

e m

n e m

n

G e
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
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     
   

   
 (41) 

In a homogeneous waveguide, the expression for 
,e m

nG coincides with the expression for the angular-

operator Green function [Bremmer, 1949]. Thus, the 

expression for the current at the output of the receiving 

antenna within the waveguide approach is written as a 

series of the sum of the products of angular-operator 

Green functions corresponding to different  radial problem 

eigenvalues, excitation coefficients, receiving coefficients 

of individual normal modes for TM and TE fields.  

The current density distribution  , ,j r   included 

in the expressions for  ,e m

nD  , can be represented as 

     T, ,j r j r g    (42) 

where  Tj r  is the spatial distribution of the current 

density in the antenna; g(ω) is the transmitted signal 

spectrum. By introducing new functions 

 , , ,e m e m

n nD g D   , ,e m e m

n a nP R P and writing Ua as 

   a ,U g H    (43) 

we obtain an expression for the transfer function of the 

ionospheric radio channel 

   
4

.e e e m m m

n n n n n n

n

H i ка G D P G D P
c


    (44) 

Transition to the time dependence of the signal at the 

receiver input is made through the Fourier transform: 

     a .i tu t g H e d



 



     (45) 

Write first the expression for the transfer function H(ω) 

in the form 

       ,
, .ni

n n

n n

H H a r e
  

       (46) 

Here,  
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is the amplitude multiplier;  
0

,n nh d



       is the 

normal mode phase. For transmission of a quasi-

monochromatic pulse 

     0 0cos ,g t g t t     (47) 

where g0(t) is the signal envelope, the expression for 

ua(t) can be written as [Kurkin et al., 1981] 

       0
a 0 0Re ,

i t i

n n

n

u t g t H e
   

      (48) 

where τn(θ) is the group delay of a normal mode.  

Modulation of another type used in ionosondes and ra-

dio engineering systems is the chirp signal [Ivanov et al., 

2003]: 

   2

0cos / 2 ,g t t t    (49) 

where η is the rate of frequency deviation. The expres-

sion for the recorded chirp signal spectrum in analog 

ionosondes can be written as [Davydenko et al., 2002] 

     ˆ .
2

k n n k

n

S s A s H


     (50)
 

Here, / ,s     where Ω is the variable of the spectrum 

analyzer;  Â s  is the time window spectrum; 

0 ,k kt    where tk is the time sample center. The 

result of processing of an individual time sample of a 

received chirp signal is equivalent to radio channel 

sounding with a complex narrowband pulsed signal. The 
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characteristics of this signal are determined by the time 

window that selects the samples.  
In the ISTP SB RAS digital chirp ionosonde [Podle-

sny et al., 2013], signals are recorded under the scheme 
of recovery of the radio-channel transfer function 
[Podlesnyi et al., 2014]. The expression for the result of 
processing of received signal has the form 

   a 0 .u t H t    (51) 

To construct an ionogram, digital signal samples that 
correspond to the expected delays in recorded signal 
arrival are multiplied by a smooth short time function 
(time window) followed by calculation of the product 
spectrum. As with signal processing in the analog chirp 
ionosonde, the received spectrum is a response of the 
radio channel to an effective narrowband complex sig-
nal whose shape as a function of time is equal to the 
shape of the window spectrum, and the carrier frequen-
cy is related through the frequency deviation rate to the 
position of the window in the time sweep. 

 

NUMERICAL SIMULATION 

Consider a numerical scheme for modeling the HF-
radio channel characteristics, using of a sounding pulse 
signal as an example. Write an expression for the recorded 
signal at the receiver input in the form 
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 



  (52) 

The summation limits in (52) are selected from the 

conditions of effective excitation of normal modes (n1) 

and reflection from the ionosphere (nm) and are calcu-

lated from equation for normal-mode spectrum (32). 

The boundaries of the real part of ξ1 and ξmin, which 

correspond to the limits of summation n1 and nm, are 

found from (25) from the condition of existence of the 

Earth—ionosphere waveguide:  Re , 0.n nQ z i     

Taking into account the imaginary part of the iono-

sphere permittivity and the imaginary part of n  in the 

radial problem coefficient  , n nQ z i    allowed us to 

expand the frequency range of modeling the signal char-

acteristics for analyzing extended inhomogeneous HF 

radio paths. The transmission frequency may be lower 

than the F2-layer critical frequency along the propaga-

tion path since there is a solution of (25) taking into ac-

count the imaginary part vn of the spectral parameter. 

The field of a single normal wave is distributed 
throughout the waveguide section and depends on its 
global characteristics, whereas the total field is localized 
near the ray path, where the stationarity condition of 
individual wave groups holds [Potekhin, Orlov, 1981]. 
For a ground receiver, the stationarity condition takes 
the form 

   1

1
, ,

2
n n nf l     


 (53) 

where l is an integer,  0 / 2 .f     The ray elevation 

angle 
1 from the point yb is related to the spectral pa-

rameter of the central wave of the group of phased 

waves with the number ni by 1 bcos (0) / .
in y    Then l 

is the number of signal reflections from the ionosphere.  

Expressions (52) and (53) serve as the formula basis for 

the scheme for calculating the distribution of decameter 

signal field in the Earth—ionosphere waveguide by the 

method of normal modes. At the first stage, we calculate 

the normal mode characteristics an, Ψn, τn, ΔΨn at refer-

ence points of the spectrum. The spectrum of normal 

modes 2

n n ni      is found from the solution of tran-

scendental equation (32) and equation (33). The real γn and 

imaginary vn parts of the spectral parameter n  are deter-

mined from 2 2 ,n n nv     2 .n n nv    The profiles of 

electron density N(y) and effective collision frequency 

 eff ,v y  calculated from the ionosphere model, and the 

underlying medium parameters from the global model of 

electrical properties of the Earth surface are used as input 

data [Ponomarchuk, 1984]. The normal mode groups form-

ing the signal field at the receiving point for waveguide 

channels E, F1, and F2 are identified. At the second stage, 

the solution of (53) with respect to the number n allows us 

for each of E, F1, and F2  waveguide channels to deter-

mine the signal mode structure (the number of signals and 

their identification) and to calculate the time and angular 

characteristics of signals for propagation modes. 

Maxima  ,n f   depending on the number n de-

fine the maximum usable frequencies (MUF) of propaga-

tion modes and the skip zone border along the Earth sur-

face for each of E, F1, and F2 waveguide channels. Solu-

tion of  

 
 1 ,

max ,
m

n

n n n

f l


    (54) 

with respect to f for fixed θ determines MUF of the l-

hop. The solution of (54) with respect to θ for a fixed 

frequency f defines the distance to the skip zone border 

of the l-hop. 

Figure 3 presents the oblique incidence ionogram along 

the Cyprus—Irkutsk path, obtained on January 1, 2023 at 

04:45 UT, and the results of modeling of distance-

frequency characteristics of signals. The calculations were 

carried out using the IRI-2016 model [Bilitza et al., 2017]. 

The Cyprus—Irkutsk path 5690 km long runs in midlati-

tudes; the propagation conditions corresponded to quiet 

heliogeophysical conditions. The input data in the algo-

rithm for calculating signal characteristics was the profiles 

of electron density and electron-neutral collision frequen-

cy, calculated with the discrete of ~ 200 km along the 

propagation path. The distance characteristics of oblique 

sounding signals were calculated by solving stationarity 

equation (53) with respect to the central numbers ni of 

groups of phased normal modes, which make the main 

contribution to the field at the receiving point. The number 

ni is related to the angle of arrival of the path 2  at the 

receiving point by  2cos / .
in y     For the specified 

sounding frequency f and distance D for each of E, F1, and 

F2 channels, there are two solutions of (53) corresponding  
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Figure 3. OS ionogram and results of simulation of distance-

frequency characteristics of OS signals on January 1, 2023 at 

04:45 UT. Gray dots denote the OS ionogram; blue dots, the sim-

ulation results 

 

 

Figure 4. Daily variations in calculated MUF (solid lines) 

and experimental MOF (triangles and circles) for the Magadan 

— Irkutsk path on January 16, 2010; 1 — 1F2; 2 — 2F2 

 

to different angles of arrival of the propagation path of 

phased normal mode packet — lower and upper beams. 

The group path of signal propagation is equal to  .
inc   

With increasing frequency, the propagation trajectories 

approach each other and intersect at MUF of the propaga-

tion mode. MUF can be found from the solution of (54). 

Figure 3 shows calculation results only for propagation 

modes 2E, 2F2, 3F2, 4F2, and 5F2. For the selected mo-

ment of time, the predicted F2-layer critical frequency 

along the Cyprus—Irkutsk propagation path varied from 

5.5 to 9.1 MHz, it would be, therefore, impossible to run 

the simulation in the lower part of the range below 8 MHz 

without the waveguide method modification considered. 

Figure 4 illustrates daily variations in calculated 

MUF and experimental maximum observed frequencies 

(MOF) along the Magadan—Irkutsk path for January 

16, 2010.  

The results of calculation of MUF for propagation 

modes 1F2 and 2F2 are plotted with solid lines 1 and 2 

respectively. The experimental MOF values are marked 

with triangles and circles. MUF in waveguide channel F2 

was calculated by solving (54) with respect to f for fixed 

coordinates of the receiving point. 

Amplitude characteristics of signals are calculated 

using (52) according to the scheme described in [Kurkin 

et al., 1986]. The recorded signal envelope  ,w r t  is 

calculated through the direct numerical summation of 

expressions of the form 

   

 

1

1

2

0

1/ 2
2

0

, cos

sin .

m

m

n n

n n n

n n

n n

n n n

n n

w r t a g t

a g t









 
       

 
        





 (55) 

Calculating  ,w r t  makes it possible to investigate 

the received signal waveform for both separated and 

time-overlapping pulses, i.e. both in the lit zone and in 

the caustic region, where the upper and lower beams 

merge. The signal envelope in the center of the pulse of 

a signal corresponding to the delay / 2
in T   can be 

taken as the signal amplitude. Note that the amplitude 

characteristics of signals are calculated for specified re-

ceiving and transmitting antenna-feeder devices, taking 

into account the type of transmitted signal modulation. 

Figures 5 and 6 present the results of calculation of 

the range-time distribution of the pulse signal field en-

velope in the vicinity of the skip zone border D0 for the 

10 MHz frequency for medium-wet soil and sea surface 

respectively. The transmitter is a point vertical dipole. 

The transmitter power is 1 kW; the total duration of the 

transmitted pulse is 140 µs; the distance is calculated 

with respect to D0=1108.25 km. The signal amplitude 

oscillates both in time and with distance away from D0 

to the lit zone. In the shadow zone for D<D0, the signal 

envelope features two small amplitude maxima. These 

signals are analogous to the edge rays of the space-time 

theory of pulse diffraction. When moving into the lit 

zone, the signal amplitude increases almost exponential-

ly [Kurkin et al., 1982; Bremmer, 1949], whereas the 

maximum in the amplitude profile is shifted in range 

relative to D0 toward the skip zone. At ~8–10 km dis-

tance from D0 (see Figure 6), the signal begins to split 

into two similar waveforms, which are completely 

separated at some distance away (depending on pulse 

duration). 

Figure 7 shows the range dependence of the average 

signal amplitude in the vicinity of D0=1108.25 km. To 

reveal the dynamics of the average signal amplitude, the 

pulse duration was taken to be 440 µs. The signal ampli-

tude oscillates due to the interference of the lower and 

upper beams. With increasing sounding frequency, the 

oscillation period of the average amplitude increases. 

Accordingly, the distance increases from the skip zone 

border D0 at which the signal is divided into two signals 

corresponding to the lower and upper beams. The size 

of the interference region of 440 µs pulse signals occu-

pies a range of ~17 km for the 10 MHz frequency and 

~25 km for 12 MHz. The signal amplitude dynamics 

near the skip zone border, obtained by analyzing coher-

ent properties of a number of normal modes, is dis-

cussed in more detail in [Kurkin et al., 1982]. 
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Figure 5. Range-time distribution of the signal envelope near 

the skip zone border for medium-wet soil 

 

 

Figure 6. Range-time distribution of the signal envelope 

near the skip zone border for the sea surface 

 

 

Figure 7. Range dependence of signal amplitude in the 

vicinity of the skip zone border 

 

The developed algorithms for simulating the space-

time structure of the incident signal field provide a basis 

for the scheme for calculating characteristics of signals 

scattered by the roughness of the Earth surface during 

backscatter sounding (BS) of the ionosphere [Ponomar-

chuk et al., 2022]. 

Figure 8 presents the results of modeling the enve-

lopes of one-hop BS signals for November 08, 2020, 

01:00 UT. The transmitter is in Usolye-Sibirskoye 

(52.8° N, 103.3° E); the receiver, in Tory village, Re-

public of Buryatia (51.8° N, 103° E). The sounding az-

imuth is 55°. Input parameters of the algorithm are the  

 

Figure 8. Results of simulation of BS signal envelopes for 

November 08, 2020, 01:00 UT  

 

profiles of electron density and effective collision fre-

quency, calculated using the IRI–2016 model, electrical 

parameters, and coefficients of scattering by the Earth 

surface [Ponomarchuk, 1984; Ishimaru, 1981; Chernov, 

1971]. Under the waveguide approach, characteristics of 

BS signals are simulated on the basis of the incoherent 

scattering approximation, in which the scattered field 

characteristics are expressed through the incident field 

characteristics (angle of incidence, amplitude) and a 

local scattering diagram or scattering coefficient. The 

amplitude characteristics of BS signals, including the 

time sweep, are calculated by sweeping all beams from 

the lit area at each given moment of time. It is assumed 

that the BS signal field is formed by scattered signals 

arrived at the receiver along the same possible paths 

along which sounding signals propagate. Amplitudes of 

the signals arrived at the receiver at a given time are 

summed incoherently. The amplitude characteristics of 

BS signals are simulated for the specified receiving-

transmitting antenna-feeder devices. The BS signal in 

the synthesized ionogram shown in Figure 8 is formed 

by scattered signals arriving at the receiver along one-

hop paths through reflection from the F2 layer. 

A characteristic feature of the BS ionograms is the 

presence of a pronounced leading edge — the minimum 

group path of arrival of scattered signals from the skip 

zone border. From the solution of (53) and (54) we have 

developed near real-time algorithms for calculating the 

minimum group propagation path and the distance to the 

skip zone border, which are employed in the scheme for 

determining the leading edge of signals in BS ionograms 

[Ponomarchuk et al., 2022]. 

 

CONCLUSION 

Under the waveguide approach, we have presented a 

composite model of HF radio channel, including trans-

mitting and receiving devices, an ionospheric radio 

channel, and a software package for calculating radio 

signal characteristics. We have represented the radio-

channel transfer function as a series of products of an-

gular-operator Green functions, excitation coefficients, 

and receiving coefficients of individual normal modes 

for TM and TE fields. With the method of normal 

modes, we have modified the scheme for solving the 

radial problem and constructing the radial-operator 

spectrum, taking into account absorption of the signal 
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field in the ionosphere and on the Earth surface. This 

allows us to simulate the HF radio channel in the fre-

quency range including frequencies below the F2-layer 

critical frequency. By analyzing and numerically sum-

ming up a number of normal modes, we have developed 

algorithms and programs for calculating distance-

frequency, frequency-angular, and amplitude character-

istics of signals, including time sweep of signal. Elec-

tron density profiles, the effective collision frequency, 

electrical parameters of the underlying medium along a 

radio path, and parameters of antenna-feeder devices are 

set as input data. 

The work was financially supported by the Ministry 

of Science and Higher Education of the Russian Federa-

tion (Subsidy No. 075-GZ/Ts3569/278). The experi-

mental data was obtained using the equipment of Shared 

Equipment Center «Angara» [http://ckp-

rf.ru/ckp/3056/]. 
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