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Abstract. We have examined the properties of low-

frequency electromagnetic waves in multicomponent 

ionospheric plasma in the 1–30 Hz band, using the 

magnetoionic theory. Complex permittivity tensor com-

ponents and refractive indices of normal waves (ordi-

nary and extraordinary) were calculated at altitudes 

from 80 to 750 km. The calculations show that the re-

fractive indices are highly dependent on frequency and 

height. Polarization of ordinary and extraordinary waves 

is elliptical over the entire range of the frequencies in-

vestigated. The refractive index and the polarization of 

normal waves are demonstrated to tend to magnetohy-

drodynamic (MHD) values only at frequencies lower 

than 1 Hz. The group velocity vector of an extraordinary 

wave is not directed along the magnetic field, as follows 

from the MHD approximation, but it lies inside a cone 

within ±(5–10) degrees, depending on frequency. The 

group velocity vector of an ordinary wave is practically 

independent of the angle with the geomagnetic field as 

in the MHD approximation. The proposed method for 

calculating the characteristics of normal waves in the 

ionosphere can be used to study ULF wave propagation 

from both natural and artificial ionospheric sources, 

which arise under the action of powerful HF radio 

waves in the lower and upper ionosphere. 

Keywords: ULF waves, ionosphere, refractive in-

dex, polarization, Alfvén wave, fast magnetosonic 

wave. 

 

 

 

INTRODUCTION 

Since the first publications [Jacobs, Watanabe, 1962; 

Greifinger, Greifinger, 1968], ULF wave propagation in 

ionospheric plasma has been traditionally investigated in 

the framework of magnetohydrodynamics (MHD) in 

terms of Alfvén (A) and fast magnetosonic (FMS) 

waves. This approximation is still used quite often today 

when studying properties of the ionospheric MHD 

waveguide [Fujita, 1987, 1988] or the ionospheric Alf-

vén resonator (IAR) (see, e.g., [Polyakov, Rapoport, 

1981; Lysak et al., 2013]). Starting with one of the first 

works [Ginzburg, 1963], the magnetoionic theory has 

generally been applied to dispersion properties of iono-

spheric plasma in ion gyrofrequencies. These are the so-

called problems of crossover and ion whistlers (see, e.g., 

[Singh et al., 2002; Vavilov, Shklyar, 2016]). In some 

papers, the multicomponent plasma model has been 

considered in connection with particular issues. So, Ay-

dogdu and Ozca [1996] studied the influence of inclina-

tion of the magnetic field on the refractive index (our algo-

rithm makes this automatically); and Yeşil and Sağir 

[2019] compared the conductivity tensor for cold and 

warm plasma in the F layer of the equatorial ionosphere.  

We think it is important and topical to take into ac-

count the properties of normal waves in the problems 

of ULF wave propagation in the MHD waveguide, as 

well as in the problems of arrival of ULF waves at 

Earth and their penetration into the magnetosphere 

since the coefficients of reflection, refraction, and 

transformation of normal waves at boundaries of iono-

spheric layers (boundary conditions) depend on polari-

zation of normal waves. We have employed the pro-

posed algorithm to calculate propagation paths of ULF 

waves [Kotik et al., 2021], generated in the upper ion-

osphere by the HAARP facility [Eliasson et al., 2012], 

and propagation of signals from ionospheric or terres-

trial ULF source in the Earth—ionosphere waveguide 

[Ermakova et al., 2022]. This method was also used to 

study the effect of geomagnetic activity variations on 

polarization spectra of low-frequency magnetic noise in the 

ULF range [Ermakova et al., 2021]. Applying the magne-

toionic theory to the ULF range is also essential for quanti-

tative simulation of spectral characteristics of the iono-

spheric Alfvén resonator (see, e.g., [Ermakova et al., 

2007]) and for interpretation of properties of natural geo-

magnetic pulsations [Ermakova et al., 2019].  
The algorithm described in this paper for calculating 

the refractive index in the ionospheric model close to 
reality has proved valid in modeling and interpreting the 
dynamics of IAR spectra under various conditions and 
ULF-wave propagation effects (examples are given in 
the above and other works of co-authors).  

By “simulation has been carried out” is generally 

meant a lot of work on developing an algorithm and a pro-

gram code, which yields certain results, usually presented 

as plots. The purpose of this paper is to present our algo-

rithm explicitly so that anyone can use it for their own re-

search. Besides, we have made sure that the results of our 

studies into the properties of ULF waves in the ionosphere 

https://orcid.org/0000-0002-2121-97
https://orcid.org/0000-0002-7662-9599
https://orcid.org/0000-0002-6080-847X
mailto:vay@rf.unn.ru


D.S. Kotik, E.V. Orlova, V.A. Yashnov 

56 

based on the magnetoionic theory have independent signif-

icance and have not been published by anyone before. The 

main characteristics of ULF waves in the ionosphere calcu-

lated by this algorithm differ significantly from those ob-

tained in the MHD approximation, which should be taken 

into account when numerically simulating ULF-wave radi-

ation and propagation, as well as when interpreting the 

results of experiments on ionospheric generation of ULF 

waves by powerful HF radio radiation [Kotik et al., 2013]. 

In this paper, the properties of ULF waves in iono-

spheric plasma are studied in detail using the magnetoi-

onic theory and international models of ionosphere IRI-

2016, atmosphere MSIS-E-90, and geomagnetic field 

DGRF/IGRF. We calculate the altitude dependences of 

complex permittivity tensor components, collision fre-

quency, refractive indices, and polarization of normal 

waves in ULF. Features of group velocity and surfaces of 

wave normals are analyzed. The results we present 

demonstrate a significant difference from those obtained 

in the MHD approximation. 

The properties of normal waves in the ionospheric 

F-region become similar to those of A-waves and FMS 

waves only at frequencies lower than 1 Hz (or at alti-

tudes around 800–1000 km and higher for higher fre-

quencies). In what follows, we arbitrarily call one of the 

normal (extraordinary) waves the A-wave; and the ordi-

nary one, the FMS wave. 

 

1. BASIC EQUATIONS 

Components of the complex permittivity tensor of 

magnetoactive plasma are calculated from a system of 

charged and neutral particle motion equations. The ex-

pression for the molecular velocity mv in the lower iono-

sphere can be derived from system of equations 

(10.34)–(10.36) for motion of electrons, ions, and neu-

tral particles, given in the monograph [Ginzburg, 1963]: 
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where m, M are electron and ion masses; Ne, Nm are 

electron and neutral particle concentrations; e
,v

i
v  are 

electron and ion velocities; vem, vim are frequencies of 

collisions of electrons and ions with neutral particles; 

ω=2πf is the angular wave frequency. In the lower iono-

sphere, the inequality im e m
ω>> ν /N N holds for fre-

quencies higher than 0.01 Hz by a wide margin up to 

~10
–5

. This makes it possible to exclude the terms with 

molecular velocity from (10.34). Neglecting the terms 

of the order of  / , / ,m M m M in view of the ine-

quality im em
ν ν /m M , the system of electron and 

ion motion equations for a multicomponent plasma can 

be simplified as follows 
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where k is the type of charged particle (electrons and ions); 

mk is the particle mass; vkm is the frequency of collisions of 

k-th type particle with molecules and ions; c is the speed of 

light in vacuum; e is the electron charge; 0H is the geo-

magnetic field strength. 

The permittivity tensor in ULF in a coordinate system 

with Z axis directed along the magnetic field can be de-

rived from (2), (3): 
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Here,  Hk 0 k
ω /eH m c  are gyrofrequencies of elec-

trons (–) and ions (+);  2

pk k k
ω 4π /e N m  are plasma 

frequencies of the k-th type particles; vk are the effec-

tive collision frequencies, which are the sum of the fre-

quencies of collisions with ions and neutral particles of 

all types. 

The frequencies of collisions of electrons and ions 

with plasma particles have been calculated using formu-

las from [Fatkullin et al., 1981]. 

The total frequency of collisions of electrons with 

positive ions of all types is determined from the formula 

9 3 / 2

ei e e
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   (5) 

Here Ne, Te are the electron density and temperature 

respectively. 

The frequencies of collisions of electrons with mole-

cules (molecular and atomic oxygen O2 and O, nitrogen 

N2, atomic hydrogen H, helium He) were calculated 

from the following formulas: 
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The total effective frequency of electron collisions 

ve=v em+v ei. 

The frequencies of collisions of ions 2O
with mole-

cules were calculated from the formulas 
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The frequency of collisions of NO+ with molecules 

was computed from the formula 
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For the frequency of collisions of O
+
 with molecules 
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In Formulas (6)–(9),  kn X  and  kn Y 
are concen-

trations of neutral particles and ions of all types in the 

ionosphere. In Formula (9), collisions with O2 are ig-

nored. Similarly, formulas from [Fatkullin et al., 1981] 

were also used to calculate the frequencies of collisions 

of ions of various types with other charged particles. 

It is convenient to represent the refractive indices of 

normal waves in ionospheric plasma at an arbitrary angle θ 

between geomagnetic field direction and wave vector (the 

Z axis is directed to the zenith) as follows [Helliwell, 

1965]: 
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Expression (10) is significantly simplified in the 

special case of propagation along the magnetic field and 

becomes (12), where 1 and 2 correspond to two normal 

modes in the ionosphere: 
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κ ε ε .
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n i i    (12) 

It is also easy to show that in the lower ionosphere in 

the E layer, where ions can be considered nonmagnet-

ized, the real part of the refractive index of one of the 

normal waves coincides with the index of the whistler 

mode (the wave has circular polarization) and the ex-

pression for the refractive index of a vertically propagat-

ing wave is given by the formula 
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2

pe2

H NO

ω
.

ω ωcosθ
n   (13) 

It is assumed here that in the E layer, NO
+
 is the domi-

nant ion (this follows from IRI-2016, see Figure 1, a). 

At altitudes above 150 km, the refractive index of ordi-

nary wave n1 is close to the refractive index of FMS 

wave, and that of extraordinary wave n2 is close to the 

refractive index of A-wave, corrected for the closeness 

of the wave frequency to the ionic gyrofrequency: 
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where i is the type of dominant ion at a given height. 

In the limit when the wave frequency ω→0, the 

first of the normal waves (ordinary O) becomes an 

FMS wave; and the second (extraordinary EO), an A-

wave. Formulas (13) and (14) are convenient to use 

for estimates. In this paper, we apply Formulas (4)–

(11) to the characteristics of normal waves. For con-

venience, we will call them FMS and A-waves.  

The dispersion equation for normal waves in a cold 

magnetoactive plasma can be written as follows (see, 

e.g., [Ginzburg, Rukhadze, 1972]): 
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where k is the wave vector; n(ω,θ) is the wave refrac-

tive index determined by Equation (15). 

The group velocity can be calculated with the formula 
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Figure 1. Vertical profiles: electron and ion concentrations (cm–3) (a); neutral molecule concentration (cm–3) (b); calcu-

lated frequencies of electron collisions with neutral particle and ions, and the sum of the last two values (c–3) (c). Winter, 

midlatitudes, midnight 
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It is assumed here that the external magnetic field is 

directed along the Z axis, and the wave vector lies in the 

XZ plane and makes an angle θ with the direction of the 

geomagnetic field. In this case, 

   2 2, , cos ,n n      2 2cos / .z x zk k k    

 

2. IONOSPHERIC MODEL 

The upper atmosphere parameters have been ob-

tained using the international models of charged and 

neutral particles and the geomagnetic field (see Intro-

duction and Section 5). The calculations were mainly 

carried out for the mid-latitude ionosphere. For certain-

ty, we took a point with geographic coordinates 59° N, 

46° E, corresponding to the position of the SURA facili-

ty. We present the results of calculations for winter 

(January 1) and summer (July 1). These models are used 

in most of the subsequent calculations, unless otherwise 

indicated. 

Figure 1 exemplifies the profiles of neutral (a) and 

charged (b) particles in ionospheric plasma, as well as the 

altitude dependence of the frequency of collisions of elec-

trons with neutral particles and ions (c), calculated from 

Formulas (5)–(9). 

 
3. RESULTS 

3.1. Permittivity tensor and refractive index of 

ULF waves 

Figure 2 exemplifies the calculation of complex 

permittivity tensor components for given dates and co-

ordinates from Formulas (4). 

The tensor components are seen to strongly depend 

on the time of day. Of particular note is the tensor com-

ponent εxy responsible for the gyrotropy of the medium. 

This component differs markedly from zero to the 

heights of the outer ionosphere. Recall that in the MHD 

approximation the gyrotropic component of the medium 

conductivity tensor is zero. 

Figure 3 presents the result of calculation of altitude 

dependences of the ULF wave refractive index for three 

frequencies from Formulas (2)–(10). There, for compar-

ison, a similar dependence obtained in the MHD ap-

proximation is given (black curve). The real and imagi-

nary parts of the refractive and absorption indices of 

both normal modes strongly depend on frequency. At 

frequencies of 10 and 20 Hz, they differ significantly 

from the MHD values in both the lower and upper iono-

sphere. At a frequency of 1 Hz and below, the A-wave 

real part coincides with the refractive index of the A-

wave calculated in the MHD approximation at altitudes 

above 200 km. There is a significant difference in the 

lower ionosphere. 

The main feature of the above profiles of the real 

and imaginary parts of the refractive indices is a strong 

frequency dependence. 

It is also obvious that the magnetoionic theory yields 

adequate values for the imaginary parts of the refractive 

index, which also depend greatly on frequency. The A-

wave is seen to experience strong attenuation in the 

lower ionosphere, whereas the FMS wave is subject to 

weak attenuation, and the real part of its refractive index 

acquires a characteristic whistler shape. 

Figure 4 shows the profiles of refractive indices of 

ULF waves for winter and summer and their day-to-

night variations. 

During the transition from winter to summer, the re-

fractive index is seen to change approximately twice, 

whereas its daily variation is within 4–5. 

Figure 5 shows the latitude dependence of the re-

fractive index of ULF waves, using three known heating 

facilities as an example. 

It can be seen that the difference between the middle 

and high latitudes is insignificant. For low (subequatori-

al) latitudes, the refractive indices may differ 3–4 times 

from those for middle latitudes. 

 

3.2 Attenuation of ULF waves 

Propagation of ULF waves in the ionospheric MHD 

waveguide at frequencies below 3–4 Hz is described in 

the mode approximation (see the works cited in Intro-

duction). However, at higher frequencies, when the 

transverse size of the waveguide is larger than the wave-

length in the medium, it is possible to switch to geomet-

rical optics (see [Whang, 1997; Kotik et al., 2021]). In 

particular, given the imaginary part of the refractive 

index, it is easy to calculate the azimuth angle φ and 

frequency dependence of the absorption coefficient of 

MHD waves in the ionosphere. Examples of the azi-

muthal dependence are presented in Figure 6. 

 

Figure 2. Profiles of complex permittivity tensor components for morning (red curve) and midnight (blue curve), f=10 Hz 
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Figure. 3. Vertical profiles of real and imaginary parts of refractive indices of normal waves: for A-wave (top panel), for 

FMS wave (bottom panel) 

 

Figure 4. Seasonal variations in vertical profiles of refractive indices of ULF waves for a frequency of 10 Hz (left) versus the 

diurnal variation (right) at midlatitudes 
 

It can be seen that the A-wave in the MHD wave-

guide attenuates much more strongly than the FMS 

wave whose damping is essentially independent of 

propagation direction. This fact is consistent with the 

experimentally observed simultaneous recording of pul-

sations at stations widely spaced in latitude [Ermakova 

et al., 2019], as well as with the experiments on record-

ing artificial signals, generated in the ionosphere by the 

HAARP facility, at a network of stations in the Pacific 

Ocean in the 1–40 Hz range [Eliasson et al., 2012]. 

3.3 Polarization of ULF waves in the iono-

sphere 

We characterize the ULF-wave polarization degree 

by  / exp ,x yP E E i  where Δϕ is the phase shift 

between Ex and Ey. Wave polarization becomes ellipti-

cal when / 2.   Figure 7 shows the polarization 

dependence on frequency (0.1, 1, and 10 Hz) for the 

ionospheric E- and F- regions. 

 



D.S. Kotik, E.V. Orlova, V.A. Yashnov 

60 

 

 

Figure 5. Profiles of the real part of refractive indices of ULF waves for different latitudes (winter, midnight) 

 

Figure 6. Attenuation coefficients as function of the azimuthal direction of propagation for a frequency of 10 Hz at a l-

titudes of 200 and 300 km: A-wave (a), FMS wave (b) 
 

 

Figure 7. Polarization properties of ELF waves for three frequencies and three given heights (300 km — solid lines, 200 

km — dotted lines, 100 km — pink line for the whistler mode). The blue color marks an FMS wave; the red color, an A-

wave. The black arrow is a projection of the geomagnetic field on a horizontal plane 
 
The ULF-wave polarization in the ionosphere is 

seen to be very different from that in the MHD 
approximation, which, as is well known, is linear and 
frequency-independent [Alfvén, 1952]. The polariza-
tion becomes almost linear for frequencies below 0.1 
Hz in the F-region and above. For frequencies of ~1 
Hz, the polarization turns out to be elliptical, and for 
frequencies of 10 Hz and higher, it is almost circular. 
In the E-region, where the refractive index is close to 
the whistler one, polarization becomes almost 
circular. 

3.4. Group velocity of ULF waves in the 

ionosphere 

The θ angle dependences of the group velocity vector 
direction (angle α) and the shape of wave normal surfaces 
for ULF waves, calculated from Formulas (15)–(17) for 
two frequencies, are shown in Figure 8 for 350 and 110 
km. Recall that the group velocity vector is perpendicular 
to the wave normal surface. It can be seen that in the F-
region and above, the deviation of the group velocity 
vector from the direction of the geomagnetic field does  
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Figure 8. Group velocity vector direction (angle α) versus wave normal direction (angle θ): 350 km (a), 110 km (b); and 

shape of wave normal surfaces: 350 km (c ),110 km (d) for 3 and 30 Hz frequencies 
 

not exceed 5° for a frequency of 3 Hz and 10° for a 

frequency of 30 Hz. The FMS wave propagates almost 

isotropically at all altitudes, as with the MHD approach. It 

can also be seen that for a frequency of 3 Hz and below the 

wave normal surfaces are close to those in the MHD 

approximation [Alfvén, 1952], but they differ markedly for 

a frequency of 30 Hz and higher in the F layer. 

In the E layer, the dependence of the group velocity 

vector direction (panel b) and the wave normal surface 

(d) in the ULF range differ significantly from both the 

MHD approximation and the VLF whistler mode, 

despite the fact that the refractive index is close to the 

whistler one (Story's theorem, [Helliwell, 1965]). 

 

4. DISCUSSION 

The results of our studies into the properties of 

ULF waves within 0.3–30 Hz in a multicomponent 

ionospheric plasma based on the magnetoionic theory 

have shown a significant difference from the results 

following from the MHD approximation.  

1. Values of the real part of the refractive index of 

normal waves in the F-region are 1.5–2 times higher 

than those predicted by the MHD theory. In the E-

region, the gyrotropy effect is significant; therefore, 

the refractive index of one of the normal modes (FMS) 

becomes close to the whistler mode with circular po-

larization, and the second mode is strongly attenuated 

(see Figures 1, 2). The refractive index values them-

selves depend greatly on the time of day, season, and 

latitude (see Figures 3–5). 

2. FMS waves are weakly attenuated when propa-

gating in any directions both in the MHD waveguide 

and in the magnetosphere. This statement is confirmed 

by experiments with artificial ionospheric source [Eli-

asson et al., 2012] and by observations of natural mag-

netic pulsations at mid-latitude stations spaced in longi-

tude by 45° [Ermakova et al., 2019]. For A-waves, the 

attenuation increases significantly when they propagate 

across the magnetic field — it is much higher than for 

FMS waves (see Figure 6). 
3. Polarization of normal waves over the entire fre-

quency range and at all altitudes of the ionosphere is 
generally elliptical. Polarization for all ULF frequencies 
becomes almost linear, and the orientation of the main 
axes of the ellipse coincides with the orientation of A-
waves and FMS waves only in the outer ionosphere at 
altitudes over 600 km. At frequencies below 0.1 Hz, 
polarization is close to the case of the MHD approxima-
tion already in the F layer (see Figure 7). 

4. Direction of the group velocity vector of normal 
waves is also very different from that predicted in the 
framework of the MHD approximation. The A-wave prop-
agates in a cone with an axis along the magnetic field, the 
opening of which depends on frequency, being as wide as 
10° at a frequency of 30 Hz. At the same time, the magnet-
ic field does not have a directive effect on the FMS wave. 

Applying the magnetoionic theory to the ULF range 
is essential for quantitative simulation of spectral char-
acteristics of the ionospheric Alfvén resonator and for 
interpretation of properties of natural geomagnetic pul-
sations (see, e.g., [Ermakova et al., 2007, 2019]). 

 

5. STATEMENT ON 

DATA AVAILABILITY 

When selecting data for given coordinates and 
time, we have used models calculated from the codes 
available at: 
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 [https://ccmc.gsfc.nasa.gov/modelweb/models/iri

2016_vitmo.php] for the electron density from IRI-2016; 

 [https://ccmc.gsfc.nasa.gov/modelweb/models/

msis_vitmo.php] for the atmospheric layer density 

from MSIS-E-00; 

 [https://ccmc.gsfc.nasa.gov/modelweb/models/igrf

_vitmo.php] for the geomagnetic field from 

DGRF/IGRF. 

The above codes were embedded in the main code 

for calculating the refractive index of normal waves in 

the ionosphere. 

The work was financially supported by the Rus-

sian Science Foundation: development of the multi-

component ionospheric plasma model under Project 

No. 20-17-00050 and calculations of characteristics 

of normal ULF waves in the ionosphere under Project 

No. 20-12-00197. 
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